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Abstract
The electromagnetic decays of vector quarkonia (exemplified by J/ψ(Υ)) into four leptons, e.g.,
2(e+e−), 2(µ+µ−) and e+e−µ+µ−, are investigated at the lowest order in nonrelativistic QCD
(NRQCD) factorization. In contrast to J/ψ(Υ) decay to a lepton pair, the lepton mass must
be retained to cutoff the mass singularity. As a consequence, the branching fraction of J/ψ →
2(e+e−) gains much greater collinear enhancement with respect to J/ψ → 2(µ+µ−). The decay
channels J/ψ → 2(e+e−), e+e−µ+µ− and Υ→ 2(e+e−), e+e−µ+µ−, 2(µ+µ−) are predicted to have
branching fractions of order 10−5, which appear to have bright observation prosect at BESIII and
Belle 2 experiments.
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The leptonic decay of 3S1 quarkonia is arguably one of the cleanest and most exhaustively
studied hadronic processes. The corresponding branching fractions have been measured quite
precisely [1]:
B(J/ψ → e−e+) = (5.971± 0.032)%, B(J/ψ → µ−µ+) = (5.961± 0.033)%, (1a)
B(Υ→ e−e+) = (2.38± 0.11)%, B(Υ→ µ−µ+) = (2.48± 0.05)%. (1b)
One immediately observes the branching fractions are insensitive to lepton mass. It is
intuitive since heavy quark mass is much greater than masses of e and µ, so it appears to
be a very good approximation to simply discard the lepton mass.
J/ψ is commonly viewed as the nonrelativistic bound state formed by c and c¯ via strong
force. To dematerialize into a lepton pair, c and c¯ have to first come close to each other,
then annihilate into a virtual photon. The corresponding formula for the leptonic decay rate
belongs to the standard textbook knowledge:
Γ(J/ψ → e−e+) = e
2
cα
2
m2c
|R(0)|2 , (2)
where α denotes the fine structure constant, ec = 2/3 signifies the charge of the c quark,
and mc denotes the c quark mass. Obviously the electron mass has been set to zero in (2),
which is justified by the observed pattern that J/ψ (Υ) leptonic decay is insensitive to the
lepton mass at all.
The factor R(0) in (2) is the so-called radial wave function at the origin for J/ψ, which,
roughly speaking, characterizes the probability of c and c¯ to coincide at the same spatial
point. This is a genuinely nonperturbative object, which can be readily inferred from the
phenomenological potential model. In the modern era, (2) is often reinterpreted as the
prediction from the nonrelativistic QCD (NRQCD) factorization framework [2], at lowest
order in αs and v. Consequently, R(0) can then be expressed as the vacuum-to-J/ψ matrix
element defined in NRQCD, which may be inferred from the more rigorous approach, such
as lattice NRQCD simulation.
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FIG. 1: Feynman diagrams for cc¯(3S1)→ e−e+µ−µ+.
At present, BESIII [3] and Belle 2 [4] experiments have accumulated a gigantic number
of J/ψ and Υ, which make it feasible to search some truly rare decay channels. The aim of
this paper is to explore a special kind of rare electromagnetic decay processes, that is, vector
quarkonium decay into four leptons. Concretely speaking, we are interested in considering
two types of electromagnetic decays, J/ψ(Υ)→ 2(l+l−) and l+l−l′+l′− with l, l′ = e, µ. Such
multi-lepton rare decay of quarkonia represents a novel testing bed for NRQCD factorization,
and we hope they can be seen at BESIII and Belle 2 experiments in near future. The partial
width of vector quarkonia decay to four leptons is defined by
Γ(3S1 → 4l) = 1
4mc
× 1
3
∫
dΠ4
∣∣M(3S1 → 4l)∣∣2 , (3)
2
k1
k2
k3
k4
k3
k2
k1
k4
k1
k4
k3
k2
k3
k4
k1
k2
k1
k2
k3
k4
k1
k4
k3
k2
k3
k2
k1
k4
k3
k4
k1
k2
FIG. 2: Feynman diagrams for cc¯(3S1)→ 2(e+e−).
where dΠ4 is the four-body phase space, and the possible symmetry factor due to identical
leptons should be understood. We will dedicate Appendix A for a detailed account of the
technicality related to 4-body phase space integration.
We will focus only on the lowest order in αs and v. The corresponding four Feynman
diagrams for J/ψ → e+e−µ+µ− have been displayed in Fig. 1, and the corresponding eight
diagrams for J/ψ → 2(e+e−) are illustrated in Fig. 2 1. We employ the packages FeynArts [5]
to generate the Feynman diagrams and FeynCalc [6] to handle the Dirac trace algebra.
For phenomenological purpose, it is more convenient to introduce the following dimen-
sionless ratio R, rather than directly compute the partial width:
R(J/ψ → 4l) ≡ Γ(J/ψ → 4l)
Γ(J/ψ → e−e+) . (4)
The nice thing is that the model-dependent parameter R(0), as well as the quark electric
charge cancel between the numerator and the denominator, so the prediction of the R ratio
is not contaminated by any nonperturbative uncertainty. Since R is dimensionless, it must
be a function of ml/mc. Moreover, since the hadronic part of the J/ψ → 4l reaction
also involves cc¯ annihilating into a virtual photon, which is of the identical topology as
J/ψ → l+l−, it is conceivable that a large class of QCD radiative corrections and relativistic
corrections should also cancel in the R ratio 2. Therefore, we expect the leading order
NRQCD prediction should produce a decent prediction to J/ψ(Υ)→ 4l.
To obtain the desired amplitude, it is practically convenient to employ the following
spin-color projector to enforce the cc¯ to be in 3S
(1)
1 state:
ucv¯c¯ −→ 1
4
√
2π
(
/P + 2mc
)
/ε ×
(
1√
mc
RJ/ψ(0)
)
⊗ 1C√
Nc
, (5)
with Nc = 3 denoting the number of colors. Here P designates the total momentum of the
cc¯ pair, and ε denotes the polarization vector of J/ψ.
1 In principle one should also include two more diagrams with cc¯ transitioning into two virtual photons.
However, these diagrams simply yield a net vanishing contribution due to charge conjugation invariance.
2 In the other word, the R ratio can be regarded as the ratio of the partial width of a massive photon
decaying into 4l to that into l+l−.
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As is evident in (2), one may safely neglect the lepton mass in J/ψ → l+l− since me,µ ≪
mc,b. One may naturally ask whether the same simplification can be taken or not. In sharp
contrast to two-body decay, for the four-body decays, it is possible that three particles can
move collinear and some are simultaneously soft, in which the collinear and soft divergences
can be developed. In fact, upon neglecting the lepton mass, we have used the inverse
unitarity method [7] to analytically compute the R ratio for J/ψ decay to four massless
leptons in spacetime dimension d = 4− 2ǫ:
R(J/ψ → 4l) = Γ−3(1− ǫ)
(
m2c
πµ2
)−3ǫ ( α
2π
)2 [
− 1
3ǫ3
− 17
9ǫ2
+
1
ǫ
(
−2ζ(3) + 10π
2
9
− 1405
108
)
+
103ζ(3)
3
+
367π2
54
− 8π
4
45
− 60835
648
]
, (6)
where µ is the ’t Hooft unit mass. Note this piece may be identified with, up to some color
factor, the double-real ingredient of the full NNLO QCD correction to e+e− → qq¯, which has
been known analytically long ago [8]. Note the occurrence of the triple pole in (6) clearly
indicates that the R ratio in (4) does not have a safe ml → 0 limit, in sharp contrast to
J/ψ → e+e−.
In our calculation we work in d = 4 spacetime dimension and keep me finite to regularize
the mass singularity. It is conceivable the 1/ǫ3 pole would be literally translated into the
tri-logarithm ln3 m
2
c
m2
l
. Expand (6) to order ǫ3, and replace µ with ml, we identify the leading
logarithmic term to be
R(J/ψ → 4l) ≈ 3α
2
8π2
ln3
m2c
m2l
+O
(
ln2
m2c
m2l
)
. (7)
The origin of the 1/ǫ3 pole in (6) can be readily understood. In the tri-collinear limit,
the squared amplitude for γ∗ → 4l can be factorized as that for γ∗ → l+l− times a universal
NNLO splitting function for l− → l− + (l−l+) [9]. Two collinear poles would arise when the
invariant mass of the three collinear leptons vanish. In addition, when the l−l+-pair also
becomes soft, there would develop an additional infrared pole. We have verified that, upon
integrating the splitting function over three-lepton phase space, the leading triple pole in
(6) can indeed be reproduced [10].
For numerical analysis, we adopt the following input parameters [1]:
α =
1
137
, me = 0.511 MeV, mµ = 0.106 GeV, mc = 1.5 GeV, mb = 4.8 GeV. (8)
We use the package CUBA [11] to carry out the 4-body phase space integration, which imple-
ments the Monte Carlo algorithm.
The dependence of the R ratio on ξ ≡ ml/mQ is shown in Fig. 3. Clearly the curve be-
comes singular as ξ → 0. A numerical fit reveals that the small-ml singularity is compatible
with the triply-logarithmical behavior as indicated in (7).
Our concrete predictions for J/ψ(Υ) → 4l is tabulated in Table I. By multiplying the
measured branching fractions for J/ψ(Υ)→ l+l− shown in (1), we then predict the branching
fractions for J/ψ(Υ) → 4l. As one can see, the branching fraction of J/ψ → 2(e+e−) and
J/ψ → e+e−µ+µ− reach the order of 10−5. Regarding the billions of J/ψ events collected at
BESIII, it is likely to discover these two channels in near future. In contrast, because µ is
4
FIG. 3: The ratio R(3S1 → 4l) as a function of ξ = mlmQ , where mQ denotes the heavy quark mass.
R(×10−4) B(×10−5)
J/ψ Υ J/ψ Υ
e+e−µ+µ− 6.32 11.5 3.8 2.7
2(e+e−) 8.75 13.7 5.2 3.3
2(µ+µ−) 0.155 6.57 0.092 1.6
TABLE I: The R ratio and the affiliated branching ratio for 3S1 → 4l.
much heavier than e, the triple logarithmic enhancement for J/ψ → 2(µ+µ−) is much less
pronounced. From Table I, we observe B(J/ψ → 2(µ+µ−)) is only about 2% of B(J/ψ →
2(e+e−)), which render the observation prospect moot. For Υ→ 4l, the three decay channels
enumerated in Table I does not exhibit big hierarchy, all of which is of order 10−5. We hope
the dedicated analysis in Belle 2 will establish these channels in near future.
FIG. 4: e−e− ( µ−µ−) invariant mass spectra in J/ψ(Υ)→ 4e(4µ).
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FIG. 5: e+e− ( µ+µ−) invariant mass spectra in J/ψ(Υ)→ e+e−µ+µ−.
The four-body leptonic final state allows one to probe a variety of differential spectrum,
which can test our NRQCD predictions in a greater detail. In Fig. 4 and Fig. 5, we also
present the invariant mass spectra of various combination of lepton pairs in the final state.
It is desirable if the future experiments can directly confront our predictions.
In summary, in this work we have investigated a specific type of rare electromagnetic
decay of vector quarkonia, where the final state contains four leptons. To the best of our
knowledge, the current work represents the first theoretical study of these processes. We
have only considered the lowest order in nonrelativistic QCD (NRQCD) factorization. In
sharp contrast to J/ψ(Υ) decay to a lepton pair, where the lepton mass can be neglected,
we must explicitly retain the physical lepton mass to regularize the potential collinear/soft
divergences. The branching fraction of J/ψ → 2(e+e−) is about 50 times greater than that of
J/ψ → 2(µ+µ−), because the triple logarithmic enhancement is more pronounced for the for-
mer. We predict that the branching fractions associated with the J/ψ → 2(e+e−), e+e−µ+µ−
and Υ→ 2(e+e−), e+e−µ+µ−, 2(µ+µ−) channels all reach the order 10−5. There appears to
have bright opportunity to observe these rare electromagnetic decays at BESIII and Belle
2 experiments.
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Appendix A: Four-body phase-space integration
In this Appendix, we present some technical details about the four-body phase space
integration. To be specifical, let us consider J/ψ(P ) → e−(k1)e+(k2)µ−(k3)µ+(k4). The
6
four-body phase-space integration can be carried out recursively, owing to its factorization
property [1]. To our purpose, it is most convenient to lump the e+e− into a compound
particle, and lump µ+µ− into another compound particle. The four-body phase space can
then be factorized into the convolution of three two-body phase space integration measures:
∫
dΠ4 ≡
∫ 4∏
i=1
[dki](2π)
4δ(4)(P −
4∑
i=1
ki)
=
∫
dM12dM34dΠK12K34dΠk1k2dΠk3k4 ×
M12M34
π2
, (A1)
where dΠq1q2 ≡ [dq1][dq2](2π)4δ(4)(Q−q1−q2) denotes the two-body phase-space integration
measure, with [dq] ≡ d3q
(2π)32Eq
. In (A1), we define the momentum of the compound system
as Kij ≡ ki + kj, with its invariant mass Mij ≡
√
K2ij .
Since the two-body phase space dΠ2 is Lorentz invariant, we can choose to calculate in
any reference frame. We prefer to working in the center-of-mass frame for each individual
two-body phase space integral:
dΠK12K34 =
|K12|
32π2mc
d cosΘdΦ, (A2a)
dΠk1k2 =
√
M212 − 4m2e
32π2M12
d cos θ1dϕ1, (A2b)
dΠk3k4 =
√
M234 − 4m2µ
32π2M34
d cos θ2dϕ2, (A2c)
where Θ and Φ denote the polar and azimuthal angles of K12 in the rest frame of J/ψ,
θ1 and ϕ1 denote the polar and azimuthal angles of k1 in the rest frame of K12, and θ2
and ϕ2 represent the polar and azimuthal angles of k3 in the rest frame of K34. It is
straightforward to obtain |K12| = |K34| = 14mc
√
(M212 +M
2
34 − 4m2c)2 − 4M212M234. Due to
rotational symmetry, the unpolarized squared amplitude is independent of Θ and Φ, and
depends on the azimuthal angles ϕ1 and ϕ2 only through the difference ϕ ≡ ϕ1 − ϕ2.
Integrating over dummy variables, and relabeling θ1 and θ2 by θ and θ
′, we then have
∫
dΠ4 =
1
212π6mc
∫
dM12dM34d cos θd cos θ
′dϕ|K12|
√
(M212 − 4m2e)(M234 − 4m2µ).
The invariant mass variablesM12,M34 are subject to the constraintM12 ≥ 2me,M34 ≥ 2mµ,
and M12 +M34 ≤ 2mc.
Because the squared amplitude is a Lorentz scalar, it can be evaluated in an arbitrary
frame. We choose the rest frame of J/ψ to compute the unpolarized decay rate. We further
assume K12 and K34 to move along the z axis, while k3 lies in the y-z plane. k2 can
be replaced by K12 − k1, and k4 can be replaced by K34 − k3. The rest of momenta are
parameterized by
K012 =K
0
34 =
√
K
2
12 +M
2
34, K12 = −K34 = (0, 0, |K12|), (A3a)
kµ1 =L
µ
ν(K12)k
′ν
1 , k
µ
3 = L
µ
ν(K34)k
′ν
3 , (A3b)
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with the reference momentum given by
k′01 =
M12
2
, k′1 =
1
2
√
M212 − 4m2e(sin θ cosϕ, sin θ sinϕ, cos θ), (A4a)
k′03 =
M34
2
, k′3 =
1
2
√
M234 − 4m2µ(0, sin θ′, cos θ′). (A4b)
Here the Lorentz boost matrix Lµν (Kab) is defined by
Li j(Kab) = δ
i
j +
1
Mab (Mab +K
0
ab)
KiabKab,j , i, j = 1, 2, 3, (A5a)
Li0(Kab) = L
0
i =
1
Mab
Kiab, (A5b)
L00(Kab) =
K0ab
Mab
. (A5c)
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